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Abstract: Area and power need to be considered at all stages of integrated circuit design. Area and power cooperative optimization for 
mixed polarity Reed‒Muller (MPRM) circuits aims to find the Pareto non-dominated sets with minimum area and power. Existing multiobjective 
optimization approaches for MPRM circuits have a long runtime and cannot handle large-scale circuits. In this paper, we propose a multi-strategy 
quantum wolf pack algorithm (MQWPA), which includes quantum encoding, dual-population strategy, dynamic reverse learning strategy, 
mutation strategy, and termination criterion. Moreover, based on the proposed MQWPA, we propose an efficient area and power optimization 
approach (EAPOA), which searches for XNOR/OR-based MPRM circuits with Pareto non-dominated solution sets. Experimental results show 
that compared with state-of-the-art evolutionary algorithms, MQWPA can search for optimal solutions in multiobjective test problems; compared 
with commonly used Boolean minimization methods, EAPOA has advantages in area and power consumption. After field-programmable gate 
array technology and standard cell mapping, by selecting area as the optimal cost implementation, we obtain average improvements in the 
actual area of 16.33% and 2.27%, respectively.
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1 Introduction 

With the development of integrated circuits, the size of com‐
plementary metal-oxide-semiconductor (CMOS) transistors has 
reached the nanometer scale; thus, reducing area and power has 
become the key problem in integrated circuit design (Belot et al., 
2021; Yin et al., 2021; Park et al., 2022). An effective way to solve 
these problems is to simplify the circuits as much as possible to opti‐
mize area and power of the circuits. In the process of digital circuit 
design, the logic level plays an important role in connecting the 

register transfer level and the physical level, and its electronic de‐
sign automation tools are the most mature.

Early digital circuit design mostly focused on Boolean logic. In 
fact, digital circuits can be implemented by Reed‒Muller (RM) 
logic based on XNOR/XOR operations, and RM logic can realize a 
complete set of arbitrary logic functions (Wang X et al., 2013). In some 
specific areas of digital circuit design, such as field-programmable 
gate array (FPGA), multi-valued logic systems, error detection, and 
coding/decoding theory, RM logic can simplify complex Boolean 
functions into a more efficient form and help simplify the analysis of 
the behavior of circuits in the event of failure (Wang X et al., 2013; 
Abu Lebdeh et al., 2017; Wang L and Xie, 2020). RM logic func‐
tions can be divided into fixed polarity RM (FPRM) expressions and 
mixed polarity RM (MPRM) expressions according to the value 
form of variables. Polarity determines the representation of the MPRM 
logic circuits, which in turn affects power and area of the circuits. 
For a logic function with D input variables, there are 3D mixed polari‐
ties and 2D fixed polarities, respectively, which correspond to 3D 
mixed polarity expressions and 2D fixed polarity expressions, and 
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all fixed polarity expressions are contained in the mixed polarity ex‐
pressions (Xia et al., 2003; Yang M et al., 2011; Zhou et al., 2022b). 
Therefore, MPRM logic circuits provide a broader range of polarity 
configurations for optimization than FPRM logic circuits. However, 
the corresponding optimization process is more complex.

Area and power optimization for XNOR/OR-based MPRM 
circuits is more difficult. First, after benchmark tests, some XNOR/
OR-based logic expressions are more concise and offer greater opti‐
mization potential in practical applications (Yu HZ et al., 2013; Abu 
Lebdeh et al., 2017; Chen HW et al., 2021; Wagle et al., 2021). 
However, most research focused on XOR circuits (Wang X et al., 
2015; Das and Pradhan, 2018; Zhou et al., 2024; Wu et al., 2025) 
and Exclusive-OR Sum-of-Products (ESOP)-based FPRM circuits 
(Drechsler et al., 1996, 2000; Kalay et al., 2000; Qin et al., 2023). 
These approaches can be applied to circuits with multiple input vari‐
ables, but most rely on conventional optimization strategies and do 
not explicitly consider computation time. In addition, the conver‐
sion to XNOR logic by De Morgan’s law would be more time-
consuming. Second, the above works are all based on single-objective 
optimization (i.e., area or power optimization). However, with the 
advent of the post-Moore era, the main frequency as well as the 
transistor density of each new generation has almost doubled, so 
power and area need to be considered in the logic synthesis stage. 
Finally, existing approaches for optimizing area and power of XNOR/
OR-based MPRM circuits are inefficient and cannot handle large-
scale circuits with multiple input variables (Yu HZ et al., 2017; Yan 
et al., 2020). Yu HZ et al. (2017) proposed a multiobjective particle 
swarm optimization algorithm based on the weighted sum method 
(WSM) for area and power optimization. However, the flight speed 
of the particles easily exceeds the boundary value and it is diffi‐
cult to obtain the Pareto optimal frontier solution set by the WSM 
(Yan et al., 2020). An area and power optimization approach based 
on Pareto non-dominated sorting genetic algorithm was proposed 
(He et al., 2017). However, the objectives are mutually constrained 
by decision variables and the mutation control parameters are sensi‐
tive, making the approach time-consuming. In addition, the area and 
power optimization approaches described above are less effective 
in dealing with large-scale circuits with multiple input variables. 
Zhou et al. (2022a) proposed an improved bacterial foraging algo‐
rithm (IBFA) for area and power optimization of MPRM circuits. 
However, this approach still suffers from several limitations. First, 
it employs a conventional ternary encoding scheme combined with a 
complex global experience-driven search strategy, which limits the im‐
provement in optimization efficiency for large-scale circuits. Second, 
the designed convergence mechanism mainly targets bi-objective 
optimization problems and lacks scalability to many-objective opti‐
mization scenarios. Furthermore, the effectiveness of this method 
has not been validated through practical implementation flows, such 
as standard cell mapping and FPGA-based technology mapping. 
Therefore, developing an optimization framework that can simulta‐
neously enhance search efficiency and maintain global exploration 
capability in high-dimensional discrete polarity spaces remains an 
important research challenge.

Area and power optimization for XNOR/OR-based MPRM 
logic circuits is a combinatorial optimization problem. Most research 
focuses on single-objective optimization, which is inefficient in 
dealing with large-scale circuits and cannot converge to the true 

Pareto optimal frontier. To solve these problems, we propose an area 
and power optimization approach for MPRM logic circuits based 
on a multi-strategy quantum wolf pack algorithm (MQWPA). Com‐
pared with existing area and power optimization approaches, our 
main contributions are as follows:

1. We propose an MQWPA, which follows a simplicity- and 
efficiency-oriented philosophy. Rather than introducing complex 
hybrid mechanisms, each component is designed to serve a specific 
functional role in ternary MPRM polarity optimization, ensuring low 
computational overhead and scalability.

2. We propose an efficient area and power optimization approach 
(EAPOA), which uses MQWPA to search Pareto optimal solution 
sets with minimum area and power. The effectiveness of MQWPA 
and EAPOA is verified by comprehensive experiments.

3. We conduct detailed experiments on the validity of MQWPA 
and EAPOA, including parameter verification, comparison on the 
IEEE Congress on Evolutionary Computation (CEC) test sets, veri‐
fication of EAPOA on area and power, verification of EAPOA on 
convergence, verification of EAPOA on execution time, technology 
mapping, and FPGA mapping. Experimental results show that our 
proposed methods are superior to the current state-of-the-art multiob‐
jective optimization approaches and can be used as a promising logic 
synthesis method. The source code and data are publicly available at 
https://gitee.com/Yuhao_Zhou.

2 Problem formulation

2.1 Area estimation model

In XNOR/OR-based MPRM logic circuits, a D-variable logic 
function for polarity P can be represented by the MPRM expression:

f P( xD−1, xD−2, ⋯, x0)=⊙∏
i = 0

2D −1

( di +Si ), (1)

where the ternary representation of P is (pD−1 pD−2…p0), and the binary 

form of subscript i can be expressed as i=(iD−1iD−2…i0). di∈{0, 1}, 
with 0 and 1 corresponding to the presence or absence of maxterms, 
respectively. “☉Π” is an XNOR operator. Si = x̄D−1,i + x̄D−2,i +⋯ + x̄0,i. 
xi denotes the ith input variable, and x̄i denotes the complement of 
xi. The multi-input XNOR and OR terms need to be decomposed 
into two-input OR terms and two-input XNOR terms, expressed as

XNOR_SUM =∑
i = 0

2D −1

d̄i −1, (2)

OR_SUM =∑
i = 0

2D −1 ( )d̄i( )∑
k = 0

D−1

īk −1 , (3)

where XNOR_SUM and OR_SUM represent the sum of XNOR terms 
and OR terms in the expressions, respectively. ik denotes the kth bit 
in the binary representation of i =( iD−1iD−2…i0 ), and ik∈{0, 1}. Fi‐

nally, the XNOR/OR-based mixed polarity RM logic circuits’ area 
Earea can be expressed as

Earea = OR_SUM + XNOR_SUM

=∑
i = 0

2D −1

d̄i∑
k = 0

D−1

īk −1 .
(4)
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2.2 Power estimation model

In digital CMOS circuits consisting of ng gates, the total dynamic 
power Epow can be expressed as

Epow =
1
2

V 2
dd fclk∑

i = 1

ng

C i
L E i

sωd, (5)

where Vdd represents the voltage, fclk is the clock frequency, and C i
L is 

the output load capacitance of gate i. E i
sωd (referred to as switching 

activity) is the number of transitions per cycle at gate i. In the logic 
synthesis stage, only E i

sωd is controllable and is directly proportional 
to Epow, so E i

sωd is used as an approximate indicator of Epow at the logic 
synthesis stage. The switching activity of gate circuits can be ob‐
tained from the output signal probability Pr(ξi) and is expressed as

E i
sωd = 2·Pr (ξ i ) [1−Pr (ξ i)], (6)

Pr(ξ i)OR = Pr( x )+ Pr( y )−Pr( x )·Pr( y ), (7)

Pr(ξ i)XNOR =1+2·Pr( x )·Pr( y )−Pr( x )−Pr( y ), (8)

where ξi denotes the output signal of the ith gate, and Pr(ξi) denotes 
the probability that the output signal of the ith gate is logic 1. Pr(x) 
and Pr(y) denote the probabilities that the two input signals x and y 
are logic 1. Eqs. (7) and (8) are the output signal probabilities of 
the two-input OR gate and the two-input XNOR gate after logical 
decomposition, respectively. Power consumption is approximated 
using switching activity at the logic synthesis stage. This metric 
mainly reflects dynamic switching behavior and is widely used as an 
early-stage proxy for power estimation.

2.3 Multiobjective optimization problem

Let N(U) be the simplified and decomposed logic circuit and U 
be the set of two-input gates. The numbers of two-input OR gates 
and two-input XNOR gates in U are counted as mOR and mXNOR, 
respectively; the output signal probabilities of two-input OR gates and 
two-input XNOR gates are counted as lOR and lXNOR, respectively. 
Then, the multiobjective optimization problems of MPRM circuits 
can be described as

A( p)= mOR + mXNOR, (9)

E ( p)=∑
y∈U

2lOR, y +∑
z∈U

2lXNOR,z, (10)

where p is the circuit polarity, A(p) performs the circuit area estima‐
tion, representing the total number of all two-input gates of the polar‐
ity P in the MPRM circuit, and E(P) performs the circuit power esti‐
mation and represents the total switching activities of polarity P in the 
MPRM circuit. In the MPRM circuits, area and power often show in‐
consistent change trends, and may even conflict. It is often difficult 
to achieve comprehensive optimization of multiple objectives by using 
WSM to set a single weight. Therefore, the multiobjective decision 
function for the polarity optimization of the MPRM circuit is set as

minp (F( p))= minp (A( p) , E ( p)) . (11)

2.4 Wolf pack algorithm

Currently, many intelligent algorithms are used to deal with ex‐
pensive optimization problems, thanks to the fact that the evolutionary 

mechanisms of intelligent algorithms are suitable for high-dimensional 
optimization. The wolf pack algorithm (WPA) was first proposed 
by Yang CG et al. (2007). WPA simulates the predatory behavior of 
wolves and their prey distribution. WPA has high precision and 
strong robustness, and is suitable for solving complex functions with 
multiple peaks (Xing et al., 2019; Xu et al., 2021). Chen YB et al. 
(2018) first proposed a modified two-part wolf pack algorithm 
(MTWPA) for a multiobjective combinatorial optimization problem, 
which has excellent performance in solving the problem of cooper‐
ative task assignment of multiple unmanned aerial vehicles (UAVs). 
The main operators of WPA are described as follows:

1. Wandering behavior. S_num wolves with the largest objec‐
tive function value in the solution space except for the head wolf 
are regarded as detective wolves. If the current fitness value Yi of 
detective wolf i is larger than that of the head wolf Ylead, then Ylead=
Yi; if Yi is smaller than Ylead, then the detective wolf moves once in h 
directions in steps of stepa, calculates Yi at this time, and returns to the 
original position. The position of detective wolf i in the d-dimensional 
space after moving to the κ (κ=1, 2, …, h) directions is

xκi,d = xi,d + sin ( 2πκ/h )·stepd
a, (12)

where xi,d indicates the current position of the ith detective wolf in 
the d-dimensional space.

2. Running behavior. If the prey taste Yi perceived by fierce 
wolf i is greater than Ylead, then Ylead=Yi and the fierce wolf initiates 
the calling behavior. If Yi is smaller than Ylead, then fierce wolf i con‐
tinues to attack until its distance from the head wolf becomes 
smaller than the threshold dnear, which is defined as follows:

dnear =
1

Dω∑d = 1

D

||maxd −mind , (13)

where D is the dimension of the solution space, and ω (0<ω<1) is 
the distance determination factor. maxd and mind denote the upper 
and lower bounds of the d-dimensional search space, respectively.

3. Sieging behavior. The fierce wolves unite with the detective 
wolves to round up the prey and capture it. For the k-generation 
wolves, the position of prey in the d-dimensional space is Gk

d, and 
the sieging behavior of wolves is expressed as

xk + 1
i,d = xk

i,d + λ·stepd
c·|Gk

d − xk
i,d |, (14)

where λ (0<λ<1) is a uniformly distributed random number.

3 Overview of the MQWPA 

The polarity encoding code consists of 0, 1, and 2 and is con‐
strained to be a combinatorial optimization problem. However, WPA 
is proposed based on solving single-objective-based continuous opti‐
mization problems and cannot be directly used to solve multiobjec‐
tive discrete combinatorial optimization problems. This means that 
WPA cannot fully use the information carried by the individual dimen‐
sions in solving the polarity optimization problems, and it cannot 
fully exploit the best performance. Therefore, to solve the above 
problems, we propose the MQWPA to solve multiobjective opti‐
mization problems. The design of MQWPA follows a simplicity- and 
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efficiency-oriented philosophy. MQWPA uses quantum bits to encode 
individuals, quantum superposition states and quantum collapse to 
express information, and quantum rotation gates to update individu‐
als, which gives it a different search mechanism. Therefore, quan‐
tum coding is suitable for solving high-dimensional combinatorial 
optimization problems, which benefit from the discrete optimization 
space of quantum coding. MQWPA includes quantum encoding, dual-
population strategy, dynamic reverse learning strategy (DRLS), 
mutation strategy, and termination criterion.

3.1 Main framework

The combination of quantum theory and swarm intelligence 
algorithms can increase population diversity, which is one of the 
hot topics in optimization theory research and application (Yi et al., 
2018; He et al., 2021; Zhou et al., 2025). In addition, the effective 
combination of quantum theory and evolutionary algorithms can accel‐
erate the convergence rate of the algorithm. We introduce quantum 
computing in WPA to deal with high-dimensional combinatorial opti‐
mization problems. The positions of individuals are encoded using 
quantum bit probability amplitudes, the individuals are updated using 
quantum rotation gates, DRLS is employed to improve the global 
search ability of the algorithm, and the mutation strategy is used 
to introduce individual mutations. In addition, the dual-population 
strategy realizes the parallel search of populations, thus improving 
the local search ability of the algorithm.

The overall framework of MQWPA is described in Algorithm 1. 
Let the population size be n, the number of iterations be T, and the 
dimensionality of the problem be D. In each iteration, MQWPA 
mainly consists of three parts: (1) fitness evaluation and non-

dominated sorting, requiring O(nD); (2) quantum rotation update 

and population evolution, requiring O(nD); (3) DRLS and mutation 

operations applied to all individuals, requiring O(nD). Therefore, 

the overall time complexity of MQWPA is O(TnD). Since the dual-
population strategy only splits the population into two independent 

subgroups, it does not change the asymptotic complexity but im‐
proves practical parallel efficiency.

3.2 Quantum encoding

In quantum algorithms, quantum bits are based on the concept 

of bit and superposition state (i.e., the quantum bit is the smallest 

unit of information storage); its value can be 0 or 1 and any super‐

position state of both (Tsvelikhovskiy et al., 2026). A quantum bit 
is represented as

Ψ = α 0 + β 1 , (15)

where |Ψ  is the quantum superposition state, and α and β are com‐

plex numbers related to the probability amplitude of the corre‐

sponding state. | α |2and | β |2 are the probabilities that the bit is 0 

and 1, respectively, and the normalization condition | α |2 + | β |2 = 1 is 

satisfied. Let α=cosθ and β=sinθ. Quantum bits can be expressed 

as [cosθ, sinθ ]T
, where θ is the phase of the quantum bits. A D-bit 

quantum chromosome can be expressed as follows:

é
ë
êêêê

ù
û
úúúú

α1  α2 ⋯ αD

β1  β2 ⋯ βD
. (16)

Quantum evolution is an important process to realize quantum 

computing, which is usually operated by quantum rotation gates, 

which are used to adjust the state of the quantum bits. Single-phase 

quantum bit rotation gates are defined as

é
ë
êêêê

ù
û
úúúú

α′i
β ′i

= é
ë
êêêê ù

û
úúúúcos θ i  −sin θ i

sin θ i     cos θ i

é
ë
êêêê

ù
û
úúúú

α i

β i
, (17)

where [α i, β i ]
T
 is the i th quantum bit of an individual in the quan‐

tum algorithm. θi is the rotation angle, whose size and direction are 

determined according to the preset adjustment strategy. Detailed 

quantum computation can be found in He et al. (2021). Next, we 

will focus on introducing quantum theory for WPA.

3.2.1　Wolf location encoding

The ternary quantum encoding is specifically designed to match 

the three-valued polarity representation in MPRM circuits, making 

it more suitable than binary encoding schemes. We extend from 

a two-dimensional Hilbert space C2 to a three-dimensional Hilbert 

space C3. Chromosomes are encoded in polarity through ternary 

quantum bits, which are represented as

Ψ = α 0 + β 1 + γ 2 , (18)

where α, β, and γ are complex numbers related to the probability 

amplitude of the corresponding state.

Each probability amplitude is parameterized in spherical coor‐
dinates using two angles to ensure normalization:

Algorithm 1  Framework of the MQWPA

Input: Population size n and Pareto non-dominated solution set N;

Output: N;

  1.  Randomly generate the initial population;

  2.  for i=1: n do

  3.   N is calculated according to the fitness value;

  4.  end for

  5.  The optimal position of the current best individual is set as the head wolf;

  6.  Divide wolves into two subpopulations according to the 

dual-population strategy;

  7.  for t=0: T (maximum runtime)

  8.   for i=1: n do

  9.    Search for excellent solutions;

10.    Update the head wolf;

11.    end for

12.   for i=1: n do

13.         Update N;

14.   end for

15.   for i=1: n do

16.         fitness ( xi ) = Sarea,i ∑
i = 1

n

Sarea,i + Spower,i ∑
i = 1

n

Spower,i;

17.         Calculate the normalized fitness values;

18.         Use DRLS to produce the next generation;

19.         Use the mutation strategy for all individuals;

20.   end for

21.  end for

22.  Output N;
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ì

í

î

ïïïï

ïïïï

α i, j = cos θ i, j,

β i, j = sin θ i, j cos φ i, j

γ i, j = sin θ i, j sin φ i, j,

⇒ α2
i, j + β

2
i, j + γ

2
i, j = 1, (19)

where θ i, j = π ⋅ rand (· ) and φ i, j = 2π ⋅ rand (· ).θ is the rotation angle, 

and φ is the disturbance angle. In quantum WPA, suppose that in a 

D-dimensional solution space, the i th individual position can be ex‐
pressed as

P ( 0 )
i =[ α i,1, α i,2, ⋯, α i,D ] ,

P (1)
i =[ β i,1, β i,2, ⋯, β i,D ] ,

P ( 2 )
i =[ γi,1, γ i,2, ⋯, γ i,D ] .

(20)

3.2.2　Location update

Updates of wolf pack positions are made using quantum rota‐
tion gates. The update of the quantum rotation gates is achieved by 
changing the rotation angle and is defined as

U (θ0,1 )=
é

ë

ê

ê
êê
ê
ê ù

û

ú
úú
ú
ú
úcos θ0,1   − sin θ0,1     0

sin θ0,1     cos θ0,1      0
0                   0             1

, (21)

U (θ0,2 )=
é

ë

ê

ê
êê
ê
ê ù

û

ú
úú
ú
ú
úcos θ0,2   0     − sin θ0,2

0              1           0
sin θ0,2    0       cos θ0,2

, (22)

U (θ0,3 )=
é

ë

ê

ê
êê
ê
ê ù

û

ú
úú
ú
ú
ú1         0              0

0     cos θ0,3   − sin θ0,3

0     sin θ0,3     cos θ0,3

. (23)

The advantage of the above update lies in the ability to main‐
tain the normalized orthogonal matrix and control the probability 
flow of each pair of states at each angle. For the sake of clarity, we 
normalize the rotation angle θ to Δ. The selection rule for Δ is

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï
ï

ï

If s = 0, b = 1→U0,1 (+Δ) ,

If s = 1, b = 0→U0,1 (−Δ) ,

If s = 0, b = 2→U0,2 (+Δ) ,

If s = 2, b = 0→U0,2 (−Δ) ,

If s = 1, b = 2→U0,3 (+Δ) ,

If s = 2, b = 1→U0,3 (−Δ) ,

(24)

where s represents the value of each dimension of the current indi‐
vidual, and b represents the value of each dimension of the current 
best individual. Then, the updates for the rotation angle θ and the 
disturbance angle φ are as follows:

Δθ i, j = θ i, j + ϕ
θ
i, j(θk, j − θ i, j) ,    Δφ i, j = φ i, j + ϕ

φ
i, j(φk, j − φ i, j), (25)

where ϕi,j is a random number between [−1, 1], k∈ [1, N], and k≠i. 
The candidate solution Yi is obtained by sampling each wolf i accord‐
ing to the following definition, and the leader wolf “lead” is calculated. 
During the wandering phase, the detective wolves perform explor‐
atory rotation updates based on Yi→ Y ′i  (Y ′i  denotes the exploratory 
candidate solution generated from Yi during the wandering phase); 
during the running phase, the fierce wolves perform calling rotation 
updates based on Yi→Yg (Yg denotes the guided candidate solution 
generated during the running phase); during the sieging phase, the 
fierce wolves perform sieging rotation updates based on Yi, Yg→lead.

lead = arg min
i

f ( Yi ) , (26)

where f (Yi) denotes the fitness value of wolf i evaluated at position Yi.

Example 1    Given a polarity P, the quantum encoding of that 

polarity is as follows:

P =
é

ë

ê

ê
êêê
ê

ê

ê ù

û

ú

ú
úú
ú

úα
β

γ
=
é

ë

ê

ê
êê
ê

ê ù

û

ú
úú
ú
ú
ú0.80

0.30
0.52

. (27)

Here, p0=α2= 0.64, p1=β2=0.09, and p2= γ2= 0.2704. Then, the quan‐

tum bit s is measured to 0 , namely, s=0; assume that the current 

dimension of the optimal individual is 2, i.e., b=2. Following the 

rotation rule and using U(θ0,2) with a small step size Δ=0.20, we obtain 

cos Δ≈ 0.9801 and sin Δ≈0.1987. Therefore, the updated probability 

amplitude is p′0 =α2'= 0.463, p′1 =β2'=0.09, and p′2 =γ2'=0.447.

3.3 Dynamic reverse learning strategy

The search process in WPA is guided by the head wolf, detective 

wolves, and fierce wolves to balance exploration and exploitation. 

However, for high-dimensional discrete ternary polarity optimization 

problems, maintaining population diversity and avoiding premature 

convergence are critical challenges due to the highly constrained 

and non-convex search space. Therefore, DRLS is introduced as an 

integral component of the overall search mechanism, rather than an 

isolated operator, to enhance global exploration capability in the ter‐

nary polarity space while preserving the structural consistency of the 

optimization process. DRLS has been proven to have a better ability 

to jump out of local optima in continuous optimization problems 

(Long et al., 2020). However, DRLS is based on multi-dimensional 

space and dynamic changes, so DRLS is more advantageous in com‐

binatorial optimization problems. The DRLS process is described as 

follows:

Definition 1 Reverse point (Rahnamayan et al., 2008)    Suppose 

that X=(x1, x2, …, xD) is a point in D-dimensional space, xj∈[aj, bj], 

j=1, 2, … , D. Its reverse point is denoted by X′ = (x′1, x′2, … , x′D), 

where x′j=aj+bj−xj. Here, aj and bj denote the lower and upper bounds 

of the jth decision variable, respectively.

Definition 2 Base point (Yu F et al., 2014)    If there are several 

points o1, o2, … , om in the D-dimensional space, for any point X=

(x1, x2, … , xD) and its opposite point X′ = (x′1, x′2, … , x′D), the 

Euclidean distances from X and X′ to oi (i=1, 2, …, m) are di and d ′i , 
respectively. The corresponding scaling factor associated with oi is 

defined as ki=di/d ′i , and i=1, 2, … , m. The point oi is referred to as 

the base point associated with the scaling factor ki. Then oi is called 

the base point of X and X′ when k=i.

Example 2    Suppose that there is an individual P with height h, 

whose projection on the coordinate axis is x* (x* is the global opti‐

mal individual), the base point is o (i.e., take the base point as the 

midpoint of [a, b]), and a point P′ with height h′ can be obtained by 

DRLS, whose projection on the coordinate axis is x′*. Therefore, 

the inverse individual x′* of the global optimal individual x* can be 

obtained based on DRLS, as shown in Fig. 1.

In Fig. 1, the global optimal individual reverse learning strategy 

is obtained as the base point of o to obtain its corresponding inverse 

point x′ *, which can be derived from DRLS as
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a + b
2
− x*

x′* − a + b
2

=
h
h'

. (28)

Let h/h′=k, where k is called the zoom factor. By transform‐
ing Eq. (28), we obtain the formula for the inverse point x′ * as

x′ * =
a + b

2
+

a + b
2k

− x*

k
. (29)

Obviously, when k=1, Eq. (29) can be simplified to

x′ * = a + b − x*. (30)

Eq. (30) is the general reverse learning strategy acting on x∗ 
and centered on [−(a+b)/2, (a+b)/2]. From Eqs. (29) and (30), it is 
clear that the general reverse learning strategy is only a special 
case of DRLS. The new candidates obtained based on the general 
reverse learning strategy are fixed, and by adjusting k, the new can‐
didates obtained based on DRLS are dynamic, which further enhances 
the population diversity.

Generally, the reverse learning strategy shown in Eq. (30) can 
be extended to the D-dimensional space to obtain

x′* j =
aj + bj

2
+

aj + bj

2k
− x*

j

k
, (31)

where x*
j  and x′* j  are the jth dimension components of x* and x′ *, re‐

spectively, and aj and bj are the j-dimensional components of the 
upper and lower bounds of the decision variable, respectively.

3.4 Mutation strategy

Traditional WPA does not make full use of effective information 
carried by individuals and does not exchange effective information 
with the head wolf, which reduces the population diversity and con‐
vergence rate. In fact, the head wolf (i.e., global optimal solution) 
contains a lot of useful information that can be used, especially for 
high-dimensional combinatorial optimization problems, where each 
dimension of the individual is crucial.

To solve this problem, we propose a mutation strategy for solv‐
ing high-dimensional combinatorial optimization problems. Mutation 
strategy consists of two steps, the first of which is the individual’s 
mutation as shown below:

π' t =

ì

í

î

ïïïï

ïïïï

Move ( π t
j , d ) ,  d = z((πhe)

t
j − π t

j ) , if rand (· )< 0.3,

Move ( π t
j , d ) ,  d = z((πde)

t
j − π t

j ) , if 0.3⩽rand (· )< 0.6,

Move ( π t
j , d ) ,  d = z((πfi)

t
j − π t

j ) ,  otherwise,

   (32)

where πhe, πde, and πfi represent the head wolf, detective wolf, and 

fierce wolf respectively, ( πhe )t
j, ( πde )t

j, and ( πfi )t
j represent the jth 

dimension of each wolf at the tth iteration respectively, π′ is the updated 

wolf, rand(·) is a random value in the range of 0‒1, and z is the 

control coefficient, set to 1 in this paper. Move(π t
j , d) means that 

the jth element in π moves to the right or left by |d | units from the 

current position, with the symbol “+” meaning to right and “−” to 

left. If it exceeds the left boundary during the process, it continues 

to move from the right boundary to the left; the same applies when it 

exceeds the right boundary.

Example 3    As shown in Fig. 2, these individuals are the head 

wolf πhe, detective wolf πde, and fierce wolf πfi with D dimensions, 

respectively. Suppose that rand(·)=0.4 and d=2 for the first dimen‐

sion. Then, the detective wolf is shifted by 2 dimensions. After the 

first step of the mutation strategy is executed in all dimensions, the 

second step of the mutation strategy is the exchange of information 

between πde and πfi and the head wolf πhe. The information exchange 

with the head wolf is completed by recording the dimension j that 

is moved in πde and πfi, and then assigning the jth dimension of the 

head wolf to the jth dimension of πde and πfi, as shown by the red 

dashed lines in Fig. 2.

3.5 Dual-population strategy

The key point of multiobjective optimization problems is to 

find more Pareto non-dominated solution sets. However, the indi‐

vidual non-dominated computation consumes a lot of time during 

the operation of the algorithm. To reduce the time consumption of 

the huge individual fitness computation, an efficient approach is to 

use a parallel architecture that allows multiple processors to share the 

time consumption that is unbearable for a single processor. In this 

paper, the use of a dual-population strategy is another major means 

of improving the algorithm performance (Chen J et al., 2025). Each 

subpopulation mainly preserves the solutions corresponding to inde‐

pendently converged decision variables. The subpopulation not only 

focuses on improving the convergence performance of the solu‐

tions but also maintains the diversity of the solution set in the inde‐

pendently converged decision subspace. As shown in Algorithm 2, 

we give the overall framework of the dual-population strategy. Al‐

gorithm 2 only needs to traverse the population once, and the time 

complexity is O(n).

Fig. 2  Overview of the mutation strategy

Fig. 1  Geometric illustration of DRLS
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In this paper, we deal with the minimization of area and power, 
so we take Sarea and Spower as fitness functions of subpopulations, 
respectively. We standardize the quantum encoding scheme, where 
each subpopulation is an independent convergent subspace that is 
unaffected between subpopulations in the process of independent 
evolution. Finally, we normalize the fitness function as described 
in Algorithm 1. The normalization process serves to enable informa‐
tion exchange between two subpopulations to generate more Pareto 
non-dominated solution sets.

3.6 Termination criterion

The proposed MQWPA is fundamentally different from IBFA 
(Zhou et al., 2022a) in terms of its optimization mechanism. IBFA 
relies on bacterial foraging behaviors combined with conventional 
ternary encoding, whereas MQWPA introduces a quantum encoding-
based search framework to represent and update polarity solutions. 
This mechanism enables a larger diversity of candidate solutions and 
improves the exploration capability in the exponentially increasing 
polarity space. Therefore, MQWPA is not merely an improvement 
of the previous IBFA, but a new optimization framework that is 
more suitable for large-scale MPRM circuits, especially when han‐
dling multiple objectives while maintaining optimization efficiency 
and solution quality. The proposed MQWPA integrates quantum 
rotation update, DRLS, mutation strategy, and dual-population coop‐
eration. At each iteration, the head wolf is selected from the current 
non-dominated set according to the fitness function. Since area and 
power are minimized, the Pareto dominance relation ensures that 
any updated solution replacing the head wolf must not be worse in 
both objectives. Therefore, the archive of non-dominated solutions 
is monotonically non-deteriorating during evolution. Moreover, the 
quantum rotation gate update ensures a probabilistic but bounded 
search within the feasible solution space, while DRLS introduces 
reverse sampling that increases the probability of escaping local op‐
tima. The mutation strategy further prevents premature convergence 
by maintaining population diversity. Thus, MQWPA forms a non-
decreasing Pareto archive sequence and converges asymptotically 
toward a stable Pareto frontier under finite search space conditions.

It is common to take the number of iterations as the termina‐
tion standard of an algorithm, but because of the different evolu‐
tionary strategies of each algorithm, it will result in repeated internal 
recursion of each algorithm in the process of iteration. In quantum 

computing, time is a more standard reference. In addition, the time 
superiority of each approach is verified in the follow-up experiments 
of this paper. Therefore, MQWPA uses a predetermined maximum 
runtime as a stop condition. It should be emphasized that the pro‐
posed MQWPA is a quantum-inspired classical optimization algo‐
rithm rather than an algorithm implemented on a real quantum com‐
puter. The term “quantum” in this work refers to the use of quantum-
inspired representations (e.g., probability amplitude encoding and 
rotation-based updates), which are simulated on classical hardware.

4 Area and power optimization approach for 

XNOR/OR-based MPRM logic circuits 

4.1 Chromosome encoding

EAPOA mainly includes three kinds of operators oriented to 
individual coding, including chromosome encoding, DRLS encoding, 
and mutation strategy encoding. Examples of the three operations 
are shown below.
Example 4    A control logic unit “con” of three input variables is 
read and a polarity P with three chromosome bits is defined in the 
population. The quantum bit s is measured to 1 , 0 , and 2 . The 
quantum encoding polarity P is encoded as shown in Fig. 3.
Example 5 (DRLS operation for MPRM)    As shown in Fig. 4a, 
suppose that a “dc1” circuit with four dimensions is read and the 
optimal polarity is defined as fbest= (1220). The proposed DRLS is 
used to calculate the inverse individual. If the DRLS is met, fbest is 
reversed to the child polarity.
Example 6 (Mutation strategy operation for MPRM)    As shown in 
Fig. 4b, suppose that the individual’s polarity is (1220), and the 
polarity bit that needs to be migrated is x1. The proposed mutation 
strategy is used to calculate the shifted dimensions. If the informa‐
tion exchange condition is met, the polarity bit will be migrated, thus 
assigning the jth dimension of the head wolf to the jth dimension of 
πde and π.

Fig. 3  Polarity encoding

Fig. 4  Overview of MPRM operations: (a) DRLS operation; (b) mutation 
strategy operation

Algorithm 2  Dual-population strategy

Input: Two subpopulations of size 
n
2

 and fitness functions f(x) and g(x);

Output: New individuals i and j;

  1.  for i=1: 
n
2

 do

  2.   Calculate f (i)=1/Spower,i;

  3.   For each wolf, the location encoding is generated;

  4.   Wolves begin to evolve according to DRLS and the mutation strategy;

  5.  end for

  6.  for j=1: 
n
2

 do

  7.   Calculate g(j)=1/Sarea, j;

  8.   For each wolf, the location encoding is generated;

  9.   Wolves begin to evolve according to DRLS and the mutation strategy;

10.  end for

11.  return i and j;
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4.2 Algorithm description

Most research on polarity optimization of RM logic circuits is 
carried out from single-objective optimization. However, the com‐
bined consideration of area and power will certainly help improve 
the overall performance of the circuits. As described in Section 2, 
the multiobjective optimization of MPRM logic circuits is a com‐
binatorial explosion problem, and to minimize MPRM logic cir‐
cuits, we propose an EAPOA. EAPOA uses MQWPA to find the 

Pareto optimal solution set (i.e., the minimum area and power) in 

a vast polarity space. EAPOA is shown in Fig. 5, and the steps are 

described in detail below.

Step 1: read the Boolean logic circuit of the D input variables 

and initialize EAPOA parameters.

Step 2: wolves (i.e., polarities of MPRM expressions) are 

encoded as quantum bits, and the dimension of the individual is the 

number of input variables.

Fig. 5  Overview of the EAPOA
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Step 3: convert the Boolean logic circuits into MPRM expres‐
sions, and compute the non-dominated solution Xi,g at the gth iteration.

Step 4: updates of wolf pack positions are made using quan‐
tum rotation gates. The head wolf is selected according to the fit‐
ness function, which is defined as

fitness (xi)= Sarea,i ∑
i = 1

n

Sarea,i + Spower,i ∑
i = 1

n

Spower,i, (33)

where fitness(xi) denotes the fitness value of polarity Xi,g, Sarea,i denotes 
the area of the polarity Xi,g, and Spower,i denotes the power of the 
polarity Xi,g. It is worth mentioning that the head wolf must be 
selected from the non-dominated set.

Step 5: the two subpopulations search in their respective con‐
vergent decision subspaces to maintain the diversity of solution sets 
in the target space and decision subspace.

Step 6: individual Xi in the two subpopulations performs 
DRLS to obtain X ′i =( x′1, x′2, …, x′D ). X ′i  provides a basis for the next 

generation of individual variation and enhances the local search 
ability of the algorithm.

Step 7: the two subpopulations mix to form a new population 
and perform the mutation strategy. The purpose of the mutation 
strategy is to exchange information between individuals and make 
full use of information from all dimensions of the head wolf.

Step 8: if the termination condition is met, the Pareto non-
dominated set is output; otherwise, jump to step 3.

5 Experiments 

Both our proposed algorithms (MQWPA and EAPOA) are ver‐
ified in this section. All experiments are performed using a set of 
Microelectronics Center of North Carolina (MCNC) benchmarks, 
and the characteristics of the circuits can be found in Yang S (1991). 
The proposed EAPOA is run on a computer with a 2.20 GHz Intel 
processor and 8 GB of RAM, which has 6 physical processing 
cores and 12 logical threads. It is worth noting that since hardware-
level quantum implementation requires specific circuit designs and 
constraint analyses, we do not consider quantum computers here. 
All algorithms are compiled using the Visual Studio compiler in C 
language. Through repeated control variable experiments, EAPOA’s 
parameters are shown in Table 1. We perform detailed compari‐
sons of existing works. To verify the performance of EAPOA in 
searching for the Pareto optimal solution with minimum area and 
power, we compare it with the WSM-based area and power opti‐
mization approach (Yu HZ et al., 2017) and the non-dominated 
sorting genetic algorithm-II (NSGA-II)-based area and power opti‐
mization approach (He et al., 2017).

5.1 Verification of MQWPA, MTWPA, NBFA, MOEA/D-
SCS, and MGSO-BFA on benchmark functions

To test the performance of MQWPA, we select five dual-
objective functions for numerical experiments, which are commonly 
used multiobjective test functions (Zitzler et al., 2000). A detailed 
description of the test functions is shown in Table 2. To ensure the 
fairness of the experiments, we not only compare with state-of-
the-art multiobjective WPA, but also with other heuristic multiob‐
jective optimization algorithms. Specifically, the comparison algo‐
rithms include MTWPA (Chen YB et al., 2018), novel bacterial for‐
aging algorithm (NBFA) (Niu et al., 2013), decomposition-based 
multiobjective evolutionary algorithm with a self-organizing col‐
laborative scheme (MOEA/D-SCS) (Zhu et al., 2023), and multiob‐
jective glowworm swarm optimization and bacterial foraging algo‐
rithm coupling algorithm (MGSO-BFA) (Wang YC et al., 2019). In 
addition, to further eliminate the influence of experimental environ‐
ments on the algorithm, the experimental results of MGSO-BFA 
refer to Wang YC et al. (2019). The inverted generational distance 
(IGD) index is selected to evaluate the performance of the algo‐
rithm, which is mainly used to measure the convergence and distri‐
bution of the Pareto optimal solution set. The parameters of the 
comparison algorithms refer to the publications. The experimental 
results are shown in Table 3.

Table 3 shows the experimental results of 10 runs, where 
STD represents the standard deviation. From Table 3, compared 
with MTWPA, NBFA, MOEA/D-SCS, and MGSO-BFA, MQWPA 
achieves competitive results on the tested ZDT problems. Specifically, 

Table 2  Test function descriptions

Benchmark 
function

ZDT1

ZDT2

ZDT3

ZDT4

ZDT6

Dim

30

30

30

10

10

Objective functions

f1 (x) = x1;   f2 (x) = g (x)
é

ë

ê
êê
ê
ê
ê
1− x1

g (x)

ù

û

ú
úú
ú
ú
ú

;

g (x) = 1 + 9 ( 1
D− 1∑i = 2

D

xi )
                    

f1 (x) = x1;   f2 (x) = g (x)
é

ë

ê
êê
ê
ê
ê
1−( x1

g (x) ) 2ù

û

ú
úú
ú
ú
ú

;

g (x) = 1 + 9 ( 1
D− 1∑i = 2

D

xi )
                   

f1 (x) = x1;

 f2 (x) = g (x)
é

ë

ê
êê
ê
ê
ê
1− x1

g (x)
− x1

g (x)
sin (10πx1 )

ù

û

ú
úú
ú
ú
ú

;

g (x) = 1 + 9 ( 1
D− 1∑i = 2

D

xi )
       

f1 (x) = x1;   f2 (x) = g (x)
é

ë

ê
êê
ê
ê
ê
1− x1

g (x)

ù

û

ú
úú
ú
ú
ú

;

g (x) = 1 + 10(D− 1) +∑
i = 2

D

[ ]x2
i − 10cos(4πxi )

           

f1 (x) = 1− exp (−4x1) ; f2 (x) = g (x)
é

ë

ê
êê
ê
ê
ê
1−( f1

g (x) ) 2ù

û

ú
úú
ú
ú
ú

;

g (x) = 1 + 9 (∑i = 2

D xi

D− 1 ) 1/4

Dim: dimension

Table 1  Parameter settings for EAPOA

Parameter

Total number of wolves

Subpopulation size

Wolf movement step size

Acceptable time (s)

Value

30

15

1

60
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in the ZDT1 and ZDT3 test problems, it can be seen that MQWPA 

can obtain better non-dominated sets when dealing with a contin‐

uous Pareto frontier or a discontinuous Pareto frontier. In the ZDT4 

problem, due to the multi-modal characteristics of ZDT4, the con‐

vergence of the Pareto frontier of MQWPA is weaker than that of 

MOEA/D-SCS, but the distribution of the Pareto frontier of MQWPA 

is better than that of the MOEA/D-SCS. Furthermore, on the ZDT2 

and ZDT6 benchmark problems, the proposed MQWPA achieves a 

performance that is very close to MOEA/D. As a variant of MOEA/D, 

MOEA/D-SCS incorporates a self-organizing cooperative mech‐

anism to enhance information interaction among subproblems, which 

is conceptually similar to the multi-strategy cooperation mechanism 

adopted in MQWPA. Therefore, MOEA/D-SCS is selected as an ad‐

ditional comparison algorithm for continuous optimization problems 

to ensure a fair and comprehensive evaluation.

Although MOEA/D-SCS demonstrates strong performance on 

continuous multiobjective problems, MQWPA exhibits superior con‐

vergence stability and a more uniform Pareto solution distribution. 

More importantly, due to its discrete quantum encoding and polarity-

based representation, MQWPA can be naturally extended to combina‐

torial optimization problems without requiring continuous-to-discrete 

transformation. The test results of the above ZDT test functions are 

used to make a statistical boxplot on the IGD index. As can be seen 

from Fig. 6, the convergence distribution of MQWPA is better than 

those of the comparison algorithms. The distribution is concen‐

trated in a standard range.

To verify the effectiveness of the proposed DRLS, mutation 

strategy, and dual-population strategy, ablation experiments are 

conducted. Taking the complete MQWPA as the baseline, three abla‐

tion variants are constructed by removing the DRLS, mutation strategy, 

and dual-population strategy, and are denoted as NDRLS, NMS, and 

NDPS respectively. The corresponding mechanisms are replaced with 

a classical opposition-based learning strategy, a conventional muta‐

tion operator, and a single-population strategy, respectively, while 

all other algorithmic procedures and parameter settings are kept 

unchanged. To ensure the statistical reliability of the results, each 

algorithm is independently run 10 times on each benchmark circuit. 

Table 4 reports the mean and standard deviation of the IGD values 

obtained from the 10 independent runs.

The ablation results show that the complete MQWPA achieves 

the best overall performance among all compared variants. Although 

NDRLS slightly outperforms MQWPA on ZDT3, this result is 
mainly related to the discontinuous Pareto frontier of ZDT3. The 
DRLS introduces stronger adaptive perturbations to improve global 
exploration, but such perturbations may occasionally affect local ex‐
ploitation near discontinuous Pareto regions. Nevertheless, MQWPA 
still achieves the best overall performance across most benchmark 
problems, indicating that DRLS is effective in improving the general 
robustness and search capability of the algorithm.

Compared with NDRLS, MQWPA obtains lower IGD values, 
indicating that DRLS effectively improves the global exploration 
ability and helps the population escape from local optima. Compared 
with NMS, MQWPA shows better convergence stability, which demon‐
strates that the proposed mutation strategy can enhance information 
exchange among individuals and reduce premature convergence. 
Compared with NDPS, MQWPA achieves a more uniform distribu‐
tion of Pareto solutions, indicating that the dual-population strategy 
plays an important role in maintaining diversity and balancing con‐
vergence and distribution.

5.2 Verification of NSGA-II, WSM, and EAPOA on 
area and power

To demonstrate the effectiveness of EAPOA in searching for 
XNOR/OR-based MPRM logic circuits with minimum area and power, 

Table 3  IGD and STD results of five algorithms on ZDT problems

Benchmark function

ZDT1

ZDT2

ZDT3

ZDT4

ZDT6

Index

IGD

STD

IGD

STD

IGD

STD

IGD

STD

IGD

STD

Value

MQWPA

1.0841E−02

3.9385E−03

3.6719E−02

2.4515E−02

7.7877E−02

6.5457E−02

3.0541E−01

4.6021E−02

7.1509E−02

4.9905E−02

MTWPA

7.6404E−02

1.1564E−01

1.0923E−01

9.4008E−02

1.2555E−01

9.9981E−02

3.4454E−01

9.2099E−02

1.5410E−01

1.3730E−01

NBFA

2.5234E−01

2.4621E−01

2.9778E−01

1.1852E−01

2.0945E−01

1.1238E−01

2.9714E−01

8.2923E−02

7.9494E−02

7.9270E−02

MOEA/D-SCS

3.0598E−02

2.5631E−02

3.4816E−02

2.6270E−02

8.0863E−02

6.6560E−02

2.6899E−01

1.2379E−01

7.0695E−02

7.8970E−02

MGSO-BFA

4.3310E−01

2.3720E+00

4.5950E−01

2.3168E+00

3.0680E−01

2.7706E+00

4.8980E−01

2.6827E+00

4.0140E−01

2.1985E+00

The best results are in bold

Table 4  Ablation studies on ZDT problems

Benchmark 

function

ZDT1

ZDT2

ZDT3

ZDT4

ZDT6

Index

IGD

STD

IGD

STD

IGD

STD

IGD

STD

IGD

STD

NDRLS

0.014 195

0.009 051

0.040 069

0.027 379

0.072 821

0.064 157

0.379 739

0.119 770

0.081 672

0.062 783

NMS

0.014 415

0.004 427

0.040 076

0.027 111

0.083 328

0.072 362

0.383 211

0.091 329

0.075 368

0.050 342

NDPS

0.012 332

0.004 485

0.040 163

0.027 753

0.083 321

0.071 617

0.403 125

0.095 533

0.086 701

0.064 559

MQWPA

0.010 841

0.003 939

0.036 719

0.024 515

0.077 877

0.065 457

0.305 410

0.046 021

0.071 509

0.049 905

The best results are in bold
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we compare existing works, i.e., WSM (Yu HZ et al., 2017; Yan 
et al., 2020) and NSGA-II (He et al., 2017), both of which are com‐
monly used area and power optimization approaches. Moreover, the 
corresponding published studies provide detailed circuit mapping 
procedures and complete experimental configurations, which ensure 
reproducibility and make them suitable as fair and representative 
baselines for comparison in MCNC benchmark circuits. During the 
iterative process, the chromosome update is also based on the cross-
exchange of each dimension. Neither of the above two methods 
uses quantum coding. The experimental circuits are randomly se‐
lected, and the experimental results are shown in Table 5. Here, 

scale represents the size of the test circuits (that is, the number of 
polarities of the original test circuits). Area is uniformly determined 
by the number of gates in a two-input logic gate, and power is de‐
termined by the process-independent switching activity E i

sωd. The 
scale for a test circuit with D input variables is 3D. In this paper, we 
test the circuit input variables up to D=65.

From Table 5, we can see that EAPOA can search for a smaller 
area and E i

sωd, and can search for more Pareto non-dominated solu‐
tion sets. For example, the optimization rates of area and power 
of EAPOA in table5 circuit compared to WSM are 30% and 23%, 
respectively; by adopting equal-weighted synthesis fitness, the 

Fig. 6  Statistical boxplots on ZDT test functions: (a) ZDT1; (b) ZDT2; (c) ZDT3; (d) ZDT4; (e) ZDT6
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optimization rates of area and E i
sωd of EAPOA in table5 circuit 

compared to NSGA-II are 37% and 12%, respectively. EAPOA can 
find multiple optimal solutions with good distribution and bound‐
aries, and the Pareto optimal solutions dominate the solution sets 
searched by other comparison approaches. The experimental results 
can be explained by the following reasons:

1. Area and power optimization of MPRM logic circuits is a 
high-dimensional combinatorial optimization problem. The previous 
approaches did not make full use of the effective information carried 
by individual dimensions, resulting in poor population diversity. 
MQWPA adopts the dual-population strategy and normalizes fitness 
functions to enhance the parallel search ability of the population, 
and maintains the diversity of the solution set in the independently 
converged decision subspace.

2. In WPA, all wolves gather at the end of iterations, which 
makes the algorithm premature. DRLS and the mutation strategy 
make the algorithm converge to the true Pareto optimal frontier by 
mapping the promising search area with base point and reverse 
point and by discovering the potential excellent solution and using 
the information carried by the head wolf.

5.3 Verification of NSGA-II, WSM, and EAPOA on 
execution time

To demonstrate the time consumption performance of EAPOA, 
the average time of 10 runs is taken as experimental data.

From Table 6, we can see that EAPOA is faster than the com‐
pared approaches in most test circuits. The saving rates of EAPOA 
are not significant for small-scale circuits, such as rd53 and con1, 
because of the need to solve problems such as initial population 
generation and memory allocation. However, for large-scale cir‐
cuits with many input variables, the superiority of EAPOA is out‐
standing. Specifically, compared with WSM and NSGA-II, the 
maximum time-saving rates of EAPOA are 53.22% and 71.69%, 
respectively. The experimental results can be explained by the fol‐
lowing reasons:

1. The dual-population strategy enhances the parallel search 
ability of the population and can easily jump out of the local optima in 
the early stage of evolution. The mutation strategy uses the dimensional 
information of the head wolf to mine potential excellent solutions.

2. DRLS can fully mine the information of the solution space 
to enable the wolves to explore a promising direction, avoiding unnec‐
essary time waste. In addition, the effective combination of quantum 
theory and evolutionary algorithm speeds up the convergence of the 
algorithm, which also confirms that our prediction is correct.

5.4 Verification of NSGA-II, WSM, and EAPOA on 
convergence

To demonstrate the convergence performance of EAPOA more 
intuitively, we randomly select test circuits of different scales, 
and plot the convergence curves with area, power, and number of 
iterations. As shown in Fig. 7, EAPOA can exhibit excellent con‐
vergence performance early in the iterations. The main reasons for 

Table 6  Experimental results on time

Approach

WSM

NSGA-II

EAPOA

Save1

Save2

Time (s)

rd53

5.86

5.72

6.22

−6.14%

−8.74%

con1

4.32

6.51

7.01

−62.27%

−7.68%

5xp1

5.68

5.55

6.11

−7.57%

−10.09%

rd84

10.51

12.01

9.56

9.04%

20.40%

sao2

10.71

15.94

10.01

6.54%

37.20%

br1

8.23

5.96

3.85

53.22%

35.40%

br2

4.75

5.01

4.06

14.53%

18.96%

amd

7.78

13.91

6.05

22.24%

56.51%

alu4

16.90

15.39

10.22

39.53%

33.59%

table5

20.12

25.22

16.33

18.84%

35.25%

bcc

54.83

64.91

29.99

45.30%

53.80%

bcd

16.48

40.12

11.36

31.07%

71.68%

e64

500.14

659.30

300.10

40.00%

54.48%

Save1 and Save2 are the time-saving rates of EAPOA relative to WSM and NSGA-II

Table 5  Experimental results on area and power

Circuit

rd53

con1

5xp1

rd84

sao2

br1

br2

amd

alu4

table5

bcc

bcd

e64

Scale

35

37

37

38

310

312

312

314

314

317

326

326

365

WSM

Area

19

21

37

62

239

160

107

110

402

483

71

97

102

113

125

1526

1963

E i
sωd 

(Hz)

31.44

37.78

61.39

74.85

343.10

279.91

189.34

170.42

614.26

788.33

128.90

145.18

128.12

110.26

247.09

2300.21

2010.15

NSGA-II

Area

19

21

21

37

41

55

59

61

219

230

154

107

111

150

385

479

539

71

79

57

69

85

89

72

86

1484

1869

E i
sωd 

(Hz)

31.44

30.23

36.59

61.39

59.32

98.00

96.50

91.56

375.90

313.25

264.12

255.19

239.04

196.23

600.57

805.52

765.21

128.90

112.30

153.03

140.01

132.12

113.08

298.87

222.33

1999.35

1898.32

EAPOA

Area

19

21

21

37

41

55

58

59

179

180

133

140

154

78

80

373

376

385

479

524

50

57

61

63

64

67

70

72

113

285

321

335

E i
sωd 

(Hz)

31.44

30.23

36.59

61.39

59.32

98.00

96.99

96.65

303.80

295.95

313.27

266.31

264.12

145.18

142.07

729.32

700.11

598.62

805.52

733.21

98.62

153.03

73.42

66.55

62.21

60.02

199.69

131.52

101.16

870.21

599.30

484.21
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these results are that the dual-population strategy enables individu‐
als to converge independently in the target decision subspace and 
enhances the parallelism of the algorithm; DRLS makes full use 
of the information from each dimension to enable the algorithm 
to explore a promising region. In addition, the mutation strategy 
fully explores the potential excellent solution and uses the informa‐
tion carried by the head wolf.

5.5 Technology mapping

To demonstrate the performance of EAPOA compared with 
traditional Product-of-Sums (POS) forms in detail, we compare 

existing optimized POS based on binary decision diagram (BDD) 

(Zhang et al., 2019). The experimental results are shown in Table 7.

As shown in Table 7, area of 10 test circuits is improved in the 

benchmarks considered. Compared with BDD, EAPOA achieves an 

area optimization rate of 5% in the large-scale test circuit (the e64 

benchmark). E i
sωd of EAPOA in some test circuits is higher due to the 

influence of signal probability. Furthermore, areas and delays of 

the circuits are reported after performing technology mapping by the 

logic synthesis tool ABC (Berkeley Logic Synthesis and Verification 

Group, 2018) using the MCNC generic standard cell library. The actual 

areas and delays after technology mapping are shown in Table 8.

Fig. 7  Convergence curves of different circuits: (a) area of the br2 circuit; (b) power of the br2 circuit; (c) area of the amd circuit; (d) power of the 
amd circuit; (e) area of the bcc circuit; (f) power of the bcc circuit
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For small-scale circuits, such as rd53, con1, and sao2, EAPOA’s 

area mapping effect is not significant, but EAPOA has low delay. 

In large-scale circuits with many redundant nodes, such as the e64 

benchmark, EAPOA has area and delay optimization rates of 15% and 

19%, respectively. In other words, EAPOA achieves better results with 

greater computational effort and higher power consumption. After 

technology mapping, by selecting area as the optimal cost implemen‐

tation, we obtain the average improvement in area of 2.27%.

5.6 LUT mapping

We map the optimized benchmark into a K-input lookup table 

(LUT). All LUTs are mapped by the “if-K” command. The experi‐

mental results are shown in Table 9. The table includes the opti‐

mized LUT results obtained using BDD and EAPOA. For each, it 

lists the size and depth for 4-LUT (S4, D4) and 6-LUT (S6, D6). In the 

case of 4-LUT, EAPOA demonstrates improvements or maintains 

performance in 9 out of 13 benchmarks, except rd53, con1, 5xp1, and 

br1, because the cost-aware algorithm will add some XNOR opera‐

tors through structural reuse, but these XNOR operators are not re‐

used. In the case of 6-LUT, EAPOA demonstrates improvements or 

maintains performance in 11 out of 13 benchmarks. Especially for 

the largest e64 circuit, the EAPOA-optimized FPGA implementation 

has improved both the LUT size and depth. After 6-LUT FPGA 

mapping, by selecting area as the optimal cost implementation, we 

obtain average improvements in the LUT size of 16.33%. It is worth 

mentioning that the mapping performed is a generic LUT mapping 

that does not take into account specific FPGA architecture. There‐

fore, in the LUT mapping and process library mapping, we do not 

consider the influence of power consumption. Since the power opti‐

mization is expressed based on the switching activity E i
sωd, we focus 

on the logic level of the experiment result E i
sωd.

6 Conclusions 

Area and power optimization of MPRM logic circuits based 

on XNOR/OR is a typical combinatorial optimization problem. 

We propose an MQWPA, which includes quantum encoding, dual-

population strategy, DRLS, mutation strategy, and termination cri‐

terion. The dual-population strategy ensures diversity in the inde‐

pendent convergence decision subspace; DRLS uses the base point 

and reverse point to ensure the diversity of the population; mutation 

strategy ensures the correctness of the convergence direction by 

making full use of the dimensional information carried by individu‐

als and exchanging information with the head wolf in time. More‐

over, based on the proposed MQWPA, we propose an EAPOA for 

MPRM logic circuits, which searches Pareto non-dominated solu‐

tion sets corresponding to MPRM circuits. The effectiveness of the 

EAPOA on optimal solutions, time, and convergence is verified by 

comprehensive experiments, which can be used as a promising ap‐

proach for developing electronic design automation tools.

We believe that running our proposed algorithm on a quantum 

machine is feasible for the following reasons: MQWPA uses quantum 

bits for chromosome encoding and uses single-phase quantum bit 

rotation gates to adjust the state of quantum bits; the polarity optimi‐

zation problem is a high-dimensional combinatorial optimization 

Table 9  LUT optimization results for the MCNC benchmarks

Circuit

rd53

con1

5xp1

rd84

sao2

br1

br2

amd

alu4

table5

bcc

bcd

e64

BDD

S4

3

8

9

18

25

33

19

95

105

29

37

58

89

D4

3

3

5

14

6

17

9

49

46

13

14

15

28

S6

3

6

6

6

20

30

11

48

49

17

36

47

58

D6

3

4

4

3

12

13

7

25

44

4

9

10

17

EAPOA

S4

5

11

11

15

24

37

16

86

98

26

23

29

55

D4

2

5

5

15

11

20

9

42

47

12

11

13

19

S6

3

6

6

5

16

21

11

55

64

11

10

20

43

D6

3

4

4

5

11

12

6

27

42

5

5

8

11

SK: the size of K-LUT; DK: the depth of K-LUT. LUT size and depth are generated by 
4- and 6-LUT technology mapping using the ABC command “if-K.” The best results are 
in bold

Table 7  Experimental results of BDD and EAPOA

Circuit

rd53

con1

5xp1

rd84

sao2

br1

br2

amd

alu4

table5

bcc

bcd

e64

BDD

Area

19

20

68

172

138

137

87

621

487

59

61

101

300

E i
sωd (Hz)

31.44

30.24

100.21

200.45

198.62

300.12

97.63

700.21

804.00

99.62

150.62

197.31

880.21

EAPOA

Area

19

21

37

55

179

133

78

373

479

50

57

70

285

E i
sωd (Hz)

31.44

36.59

61.39

98.00

303.80

313.27

145.18

729.32

805.52

98.62

153.03

199.69

870.21

The better results are in bold

Table 8  Technology mapping results

Circuit

rd53

con1

5xp1

rd84

sao2

br1

br2

amd

alu4

table5

bcc

bcd

e64

BDD

Area (μm2)

52

98

119

240

190

347

138

658

735

284

275

301

511

Delay (ns)

15.3

25.3

24.3

58.6

46.2

83.8

31.5

146.3

136.8

60.9

42.8

57.1

62.1

EAPOA

Area (μm2)

57

97

112

237

214

313

137

706

831

247

222

284

432

Delay (ns)

12.3

25.6

21.8

57.5

38.9

78.8

27.5

149.1

196.6

56.0

44.6

57.9

50.6

The better results are in bold
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problem, and benchmark circuit reads are also represented by two 
logic values, 0 and 1.
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